A variational principle is applied to the relaxation of pure electron plasma in a strong axial magnetic field. The initial cylindrical shell structure of electrons can be unstable against Kelvin Helmholtz instability, and the plasma shape relaxes to its final state having a diffused profile. The shape of the plasma distribution in the final state is given based upon the anzats of the minimum enstrophy, and an experimentally-testable formula is obtained.
Introduction
Large scale structure formation associated with the evolution of turbulence has been studied in magnetohydrodynamic (MHD) instabilities or transport in the magnetic confinement of plasmas [1, 2] , turbulent flow [3] , etc. In two-dimensional turbulence, the quadratic integrals of various field evolve with different time scales so that a particular integral can remain selectively after the relaxation. As a result, coherent large scale structure often appears. In other words, global structures arise as a result of the evolution of turbulence [1, 2, 4] . Strong turbulence induces a large-scale mixing of fields and allows the application of the variational principle. Examples include the minimum magnetic energy with constraints of constant helicity in the reversed field pinch of high temperature plasmas [1] , the minimum dissipation principle with constraints of constant helicity in the case of a swirling flow in a pipe [5] , a generalization to the canonical helicity combining flow velocity and magnetic fields [6] , and the minimum enstrophy principle [7] . An analytic result for the turbulent swirling pipe flow [5] has been compared with experimental observations [8] , and some success has been obtained [9] .
An approach using the variational principle might be also constructed for the two-dimensional non-neutral plasma in a trap. This experiment provides a unique opportunity to study precisely such two-dimensional dynamics [10, 11] . Investigations of variational principles have been discussed in the literature (see, e.g., [12, 13] ). Although a direct analogy between the electron plasma in a trap and 2D neutral fluid dynamics is stressed, the correspondence of these processes using the variational principle has not yet been clarified. The coupling between the fluid motion and the electromagnetic field leads to a variety of variational functional. For instance, the quantity which must be minimized has been proposed as either enstrophy [5, 12] or canonical enstrophy [6] . An appropriate choice is determined through comparison with observations. Recently, Kiwamoto has studied the evolution of strong turbulence in nonneutral plasmas [14] . In this experiment, a shell cylinder of pure electron plasma is confined in an axial magnetic field. Owing to the strong inhomogeneity of the radial electric field in the shell, a large-scale Kelvin-Helmholtz (KH) instability takes place, and the plasma evolves into a cylinder having a diffused profile. This allows the possibility of testing the validity of a global variational principle. In this article, the final state following the evolution of turbulence is studied based upon the variational principle approach. A formula for the relaxed state is obtained, which can be tested experimentally.
Model
We study the cylindrical configuration of pure electron plasmas. The plasma is confined by the strong axial magnetic field. The axial motion is at rest by the electrostatic confinement. The axial length is much longer than the radius, so that the two-dimensional model is studied. The cylindrical coordinates (r, θ, z) are employed. The plasma is surrounded by the conducting shell, the radius of which is b.
In an initial condition, the electron density profile is taken as a cylinder shell as illustrated in Fig. 1 . The inner radius and outer radius are denoted as r 1 and r 2 , respectively. The azimuthal symmetry is assumed in the initial state. For simplicity of argument, we choose the initial density profile n in (r) as
n in (r) = 0 otherwise.
From the Poisson equation, the radial electric field is related to the electron density profile as
In the initial state where the density profile is given by Eq.(1), the radial electric field is given by
where n 0 is the initial electron density. The plasma is rotating in the azimuthal direction due to the radial electric field. The azimuthal velocity is given as
where B is the magnetic field in the axial direction.
This profile of pure-electron plasma might be subject to the KH instability owing to the strong inhomogeneity of the azimuthal velocity. Once the instability occurs, the symmetry is lost and the plasma is strongly deformed. Plasma particles are mixed, and the plasma profile may reach a new diffused shape after the relaxation. The plasma distribution in the final state is illustrated schematically in Fig. 1(b) .
The plasma profile after the relaxation is investigated. In the evolution of large scale turbulent motion, the enstrophy decays more rapidly than the energy of field. As a result of this, one conjectures the variational principle for the relaxation; i.e., the enstrophy integral
is minimized with the constraint that the energy integral (ε ⊥ : a dielectric constant of magnetized plasma, being 1 + ω 2 pe ω ce -2 . ω pe : electron plasma frequency, and ω ce : electron cyclotron frequency) and total particle number N = dV n (7) are conserved, assuming that the global structure after relaxation recovers the azimuthal symmetry. Note that the conservation of the angular momentum is equivalent to the conservation of the total number of particles, and does not yield an additional constraint. (See appendix.) Since B is constant, the velocity V θ is in proportion to the radial electric field E r . We express Ψ, Φ and N in terms of electric field E r . (The case in which the final state does not have azimuthal symmetry can be analyzed in a straightforward manner [5] . Such extension is left for future analysis.) The Lagrangean is constructed as
where λ and γ are the Lagrange multipliers.
We first study the case in which the plasma density is low, ω 
where γ = γ ε 0 /e and ψ = rE r . The variational principle δL = 0 provides the equation
This equation (10) gives a radial form of the electric field as E r ∝ J 1 λ r , (11) where J 1 is the 1st order Bessel function of the first kind. The density profile is also given by the Bessel function, and we write
The plasma radius a satisfies the relation s = λ a , (13) where s is the first zero of the zeroth order Bessel function as
The radial electric field in the final state is given as
The density profile in the final state after the relaxation has the shape of the Bessel function and is characterized by the parameters n f (0) and a. These are determined by the conservation of the particle number (angular momentum) and energy.
Results
In the initial state, one has the total number of electrons per unit length as
Substitution of Eq. (3) into Eq.(6) gives the energy per unit length as 
The energy per unit length is given by use of Eqs. (6) and (15) as
From the relations
we have the equations that determine the plasma radius a and the central density n f (0) in the final state. Substituting Eqs. (16) and (18) into N i = N f , one has
Substituting Eq. (21) . (24) The geometrical factor F is a function of the ratio of the shell radii r 2 /r 1 , and satisfies the relation 0 < F < 1/4. The radius in the final state is given as
The plasma radius becomes larger in the final state, satisfying
Substituting the result of the radius Eq.(25) into Eq. (21), one has the central density as
Equations (12), (13), (25) and (27) denote the profile of electron density after the relaxation. Figure 2 shows the plasma radius in the final state as a function of the ratio of the shell radii r 2 /r 1 . The dependence of the central density on r 2 /r 1 is shown in Fig. 3 . Before closing, correction of the dielectric constant is discussed. Equation (10) is derived for the cases ω 
The finite density effect leads to the deviation of the profile from the Bessel function shape. In the case of pure ion plasmas having singly charged ions, Eq. (29) is replaced by α = m i /eB 2 . In this case, the finite density effect is more easily observed.
Equation (28) is numerically solved for the given constraint as in Eq. (10) . The density profile in the relaxed state is illustrated in Fig. 4 for cases of high density ω 2 pe ω ce -2 = 0.416 at r = 0 (solid line) and of low density ω 2 pe ω ce -2 = 0.0083 at r = 0 (dashed line). In the high density case, the plasma radius becomes narrower. The radius in the high density case is 0.977a where a is given by the formula for low density. The eigenvalue is given as λa 2 -5.684 for the high density case, which is smaller than the case of low density λa 2 -5.783.
Summary and Discussion
Relaxation of the pure electron plasma in the strong axial magnetic field is studied by use of the variational principle. The initial cylindrical shell can be unstable against KH instability. After the onset of large scale turbulence, the plasma shape relaxes to the final state which is symmetric. The shape of plasma distribution in the final state is given as a function of the geometrical shape of the initial shell structure, and an analytic formula is given. The effect of finite density, which modifies the dielectric constant, is also discussed. These provide a testable working hypothesis for the evolution of the large scale insatiability of quasi-two-dimensional magnetized electron plasmas.
It should be noted that the conservation relation Φ i = Φ f is an analytic idealization while the number conservation N i = N f is much more stringent constraint. In reality, the field energy might be dissipated to some extent during the evolution of turbulence, and Φ f can be smaller than Φ i . In this sense, Eq.(25) is a lower boundary for the radius after the relaxation.
It might be worth noting the relations of this result with other models of variational principle. The model [12] uses canonical angular momentum, instead of angular momentum, while minimizing fluid enstrophy. By this change, the solution of the variational principle has one additional free parameter. An additional constant appears in Eq. (12) . The model [6] employs canonical enstrophy rather than fluid enstrophy. By this choice, further freedom is given in the solution. The result in this article is a particular solution of the one in [12] that is a particular solution of those in [6] and studied the density-effect. How far the analogy between the electron plasma in a trap and the neutral fluid holds is a topic of current interest, and awaits testing by experiment. The analysis in this article provides a testable formula.
